IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. CAS-26, NO. 11, NOVEMBER 1979

filter (k=0). The phase response becomes more nonlinear as k
varies from 0 to 1.

Figs. 7 and 8 show the amplitude and phase responses of
third-order TRXY filters varying from the elliptic filter to the
Bessel rational filter of (7) with m=2, n=3, a=f8=0, and
v=0.5. The phase response improves as k varies from 0 to 1.
These results are similar to those of Figs. 1 and 2. The Bessel
rational filter was not frequency scaled in this case.

Transitional TRXY filters are important because they provide
the filter designer a compromise between the desirable properties
of the X filter and those of the Y filter. By proper choice of X
and Y filters the designer is offered a wide selection of amplitude
and phase responses.
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A New Algorithm for Computing a Single Root of a
Real Continuous Function

C. J. F. RIDDERS

Abstract—A fast and simple iterative  method is proposed for the
determination of a single real root of a real continuous function. The idea
is based upon linearizing the original function whereafter the regula falsi is
applied to this modified function which leads to a very simple algorithm,
The rate of convergence is shown to be quadratic or better.

I. METHOD

Let the function be represented by F(x). We create a new
function H(x)= F(x)-e™ in such a way that for three equidis-
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Fig. 1.
tant x values x;, x; an x, the following requirement is met:
H2_2H1+H0=0, with H,,=H(x,,). (1)
Let d=x,— x;=x;— xo and Fy F, <0, then from (1) it follows
F2~e2'”d—2Fl-e"'d+F0=0 (2)
with the analytical solution '
F,—sign(Fo)- VW
omi— F17sign(Fo) with W=F2-FoF, (3)

F, ’

The factor sign (F) is deduced from the conditions W >0 and

e™ > (. The next step is the application of the regula falsi to the

points (x,, H,) and (x,, H,), which leads to the expression
_xiy—xH, d

BETH,-H, VT H/H, -1 @

where x, is the first approximation of the root of F(x) and
H,/H,=F,¢™/F,. Equation (4) can be written in the form
F-d

—. ®)
VW
To avoid the factor sign (Fy;) we divide numerator and de-

nominator by F, and obtain the final expression for the algo-
rithm:

x3= X, +sign(Fp)-

Fi/F

VE/F - Fo/Fy

When Fy-F, <0, x; will be on the interval [x,, x,] so convergence
is guaranteed.

After computation of the first iterate x; we build up a new
interval consisting of x; and one of the other remaining x values
in such a way that F;-F, <0 (n=0,1,2) in order to be sure that
the next iterate will remain on the starting interval. The proce-
dure is depicted in Fig. 1.

The described method can even be used when Fy=F, or
F,=F, as can accidentally happen.

Suppose F(x)=x>—x—5 and we choose [~ 1,3] as the start-
ing interval.

x3=x,+d-

©

Fo=F,=~5  F,=19.

For x; we compute the value 1.9128, which is already fairly
close to the root 1.904160859- - - .
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Fix)=x3—x-5

i

Fig. 2.

As F;>0 we decide to take [x;,x;] as the next interval of
computation (Fig. 2).

The procedure can be terminated when a given accuracy is
obtained.

II. RATE oF CONVERGENCE

Let e,=x, —r be the actual error between x, and the root r.
By means of a Taylor expansion in the vicinity of r we get
F~e,f+elg+e3h with f=F'(r), g=1F"(r), and h=L1F"(r)
-d=e,— eg=e,— e, so the error at the first iterate is
. (e,—eo)(f+e‘g+efh)

vw

which can be derived from (5). This expression is valid for all
possible shapes of F(x).

W=el(f+e g+ efh)2 —eper(f+eog+ edh)(f+ ey g+ e3h).
After some adequate approximations we get
We~(e;— ep)* [f2 + g*(e}+2epe; — €3) +2e, fg+2fh(e; - eo)z].
When F;—0, ¢,-0, and e} <|eye,| so

2 -—
g f22fh ' ‘ ®)

e;=¢e —e,

™

1
e3~§ €p€ 1€y

III. EXAMPLES

F(x)=xe*~10 on [~ 10, 10] on [~ 100, 100]
x3=0.06-- - x3=6.10"%
275 7.74- - -
1.71. - - 2.38.--
1.746- - - 1.709- - -
1.74552798 - - - 1.7458- - -
1.745528003 1.745527990 - - -
: ’ 1.745528003
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F(x)=(tanx)"***—10° on [1.3,1.4] on [0, 1.5]
x3=1.352.-- x3=0.75---
1.356- - - 1.12.--
1.3547099- - - 1.31---
1.354710442 1.40- - -
1.357---
1.35429- - -
1.354710756
1.354710442.
F(x)=sinx on [10,280], x in degrees. A trivial example.
x3=254.50---
177.09: - -
179.97- - -
179.99995- - -
180.

IV. CoNcLusioN

The proposed algorithm offers a good rate of convergence and
is suitable especially on those cases where F(x) is not strictly
monotone. The method can be used when other three-point
iterative methods (e.g., exponential or hyperbolic) fail.

Monotonic Magnitude Response with Equal Ripple
Sensitivity

D. M. RABRENOVIC anp Z. J. ALEKSIC

Abstract—Sensitivity of all pole filters with critical monotonic (CM)
magnitude characteristic is optimized in a mini-max sense, and a new
class of transitional monotonic filters is introduced. Comparison with other
monotonic filters is also given.

Although different aspects of circuit sensitivity have been
extensively treated in the literature, much attention has not been
paid in the existing literature to the problem of sensitivity
minimization by an appropriate choice of the magnitude char-
acteristic.

In order to concentrate on the shape of the magnitude char-
acteristic we shall consider the well-known expression for the
summed sensitivity of the magnitude response of an RC active
network with tracking components [1]. Equation (1) relates the
variation of the logarithmic gain Aa to the slope of the magni-
tude response and the relative tolerances of the passive elements
AR/R and AC/C:

(AR  AC\ w d|A]
sa=(F+) 1 ds M
which for AR/R=AC/C reduces to
—2AR « dld| _
Ba=2"g T e =KD %))
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